This paper is based around outlining and illustrating the use of a co-evolutionary method for long-term macro-economic forecasting. The paper includes economic forecasts for the UK to 
Introduction
An OECD consensus study foresees continued global economic growth to 2060, but at a lower rate than before 2007, due to a range of headwinds, including demographics (Braconier et al., 2014) . However, these economic forecasts are controversial, with many scientists believing that growth must slow more, or stop, if the target of keeping global temperatures below 2°C are to be met (Drews and van den Bergh, 2017) . Equally, it is argued that declining natural resources are also putting a cap on the level of economic growth (Heinberg, 2011) . This paper aims to expand upon, and explore the consequences of, a long-term forecasting methodology which predicts that demographic slowdowns and, reductions in the working-age population in some countries, will lead to reduced economic activity and innovation. The goal is to provide an empirical ecological and co-evolutionary macroeconomic forecast model to add to the growing body of models which show how economies might respond to ecological limits (Hardt and O'Neill, 2017) . The paper starts by examining existing long-term, economic forecasting methods and their critics. The most important criticism of the existing methods is that they inadequately take account of changing demographics, with advanced economies having low fertility rates which lead to stabilising or declining working-age populations. The paper then explores a novel forecasting approach using Multichannel Singular Spectral Analysis (MSSA), a non-parametric based method, and its links to evolutionary and co-evolutionary economic approaches. The paper then presents long-term forecasts for the UK, with differing demographic projections. These projections cover different migration assumptions. For example, one of the assumed consequences of Brexit might be reduced migration into the UK and this is examined. One of the advantages of the MSSA approach is that it allows the potential demographic consequences of Brexit to be examined, in the absence of any trade impacts.
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Existing long-term forecasting methodologies
There are a range of existing methodologies for forecasting either long-term growth or the UK's long-term GDP. These are outlined here in order to locate the MSSA methodology and to allow the relative advantages and disadvantages of these approaches to be explored.
Most of the current forecasts are based on computable general equilibrium (CGE) models, sometimes combined with expert judgement. This combined approach is used by the OECD to produce their long-term forecasts. However, their forecast for the UK rapidly settles down to a straight line (OECD, 2014a) . Such a straight line is debatable given the history of business cycles and external pressures which influence the economy. A more sophisticated CGE model, also from the OECD, incorporating indicators for energy use and urbanisation, as well as a range of other additional factors (Chateau et al., 2014) , still ultimately also produced a straight-line result (OECD, 2012).
Other consultancies (for example: PriceWaterhouseCoopers, 2017) and other international bodies produce similar straight line, long-term forecasts. In part, because of the equilibrium assumptions implicit in the CGE modelling method these forecasts, almost inevitably, rapidly settle down into a straight-line growth pattern. Given the variables usually included in these models, the size of the workforce does not influence the outcomes. However, the economy is facing major demographic change and has historically been subject to boom and bust business cycles. Therefore, these CGE based forecasting techniques, which do not incorporate demographic change or reflect business cycles, may have more limited use in the future when demographic changes become more apparent. In the past, it is possible that the CGE based models were able to ignore this aspect of the economy when there was a continually growing workforce.
Another approach, and one explicitly aimed at climate change issues, is the series of economic forecasts produced as part of the Shared Socio-economic Pathways (SSP) (Leimbach et al., 2017) . The SSP are designed to support the development of a series of emissions scenarios 4 (Riahi et al., 2017) , which inform the deliberations of the Intergovernmental Panel on Climate Change (IPCC) and, as such, they lead into global policy making processes. Importantly, the SPP approach explicitly incorporated demographic developments at the national level and also incorporated expert opinions. Another set of SSP long-term growth projections (Dellink et al., 2017) , use a set of shared storylines (O'Neill et al., 2014) as the basis for developing a range of alternative global economic forecasts. A feature of these SSP forecasts is that, in practice, they are sets of forecasts reflecting a range of parameterisations and differing assumptions about future growth patterns. In practical terms this range of forecasts is less useful than a single forecast with implicit parameterisation. This paper proposes a new forecasting methodology to better take into account changing demographics, with stabilisation of working-age populations and, in places, reductions in working-age populations, allowing a constrained number of forecasts. The proposed method also avoids the need to provide parameters, as these are effectively derived from the analysis of historic data. Before introducing this novel approach, the implications of the demographic changes are explored in more detail in the following section.
Impact of demographics and attainment
Despite the importance of the effects of the current slowing of population growth in advanced economies, there is surprisingly little analysis or quantification of the impact of projected population changes on the economy. The analyses that have occurred focus on the impact of an ageing population and the savings rates (for example: Kim and Lee, 2008) . Interestingly, as part of the SSP process, there is a study which looks at the relationship between demographic growth and carbon emissions (O'Neill et al., 2010) , but this does not examine the linkage between demographics and the economy.
The impact of demographics on economic growth is usually discussed in terms of the demographic dividend, when reduced female fertility allows more women to enter the workforce for longer producing greater growth (Bloom et al., 2009 ). However, increasingly, the discussion has moved onto the second demographic transition, where the population ages and the workforce begins to shrink (Lesthaeghe, 2014) . The eventual longer-term impact of reduced fertility, a reduced workforce, is usually discussed in terms of the impact of an ageing population (Aksoy et al., 2017; Bloom et al., 2010) . However, it is argued that the demographic dividend will turn into a demographic burden as the working-age populations of Europe decline (Van der Gaag and de Beer, 2015) . However, this literature does not explore the economic impact of this second demographic transition.
Recently, the link between demographics and real interest rates has become a focus of interest (Ikeda and Saito, 2014; Carvalho et al., 2016; Lisack et al., 2017) . These low, real interest rates, combined with a continued desire for high rates of returns by investors, is likely to produce unstable economies prone to booms and bust (Williams, 2016) .
The educational attainment of the workforce, often described as human capital, has been long linked to economic growth (Becker, 1964) . However, Barro and Lee (2015) has shown that in many developed countries the level of attainment, especially at the critical tertiary level, has begun to plateau. The national systems of education are reflected in the differing percentages of the workforce with tertiary level qualifications at which each country appears to be plateauing.
Overall, declining population growth is increasingly being seen as the driver of lower growth (Gagnon, 2016) and what is sometimes known as secular stagnation (Summers, 2015; Eggertsson et al., 2017) . However, when the impact of demographics on the broader economy is modelled, usually using an approach known as 'overlapping generations models' (Bloom et al., 2007; Karras, 2009; Gagnon et al., 2016; Caballero et al., 2017) , it has proved difficult to obtain a clear picture. Essentially, the limited period in which a declining workforce has been recorded in relatively few countries means that it is difficult, as yet, to get a quantified assessment of the impact. This, in turn, means that a parameterised forecasting approach is virtually impossible until a longer time series is available. However, it is clear that the impact 6 is greater than simply that produced by fewer workers, there is an impact on interest rates, investments, productivity and adoption of innovations.
Given that there is a much longer history where the impact of rising workforces produce growth, this paper aims to introduce a novel methodology that extracts trend and cyclic patterns from time-series and then takes account of the historic interactions between the various time-series included. The extraction of the underlying cyclic patterns is based on minimising any residual white noise in the time-series. The approach assumes that the business cycle is largely endogenous with exogenous factors, such as natural disasters, creating random white noise on top of the basic cyclic pattern (Hallegatte and Ghil, 2008) .
A useful feature of demographics is that change, in the absence of pandemics, is relatively slow. The bulk of the 2050 workforce has already been born and future populations are driven by birth rates, death rates and migration. Currently, the changes in death rates are in terms of longevity and do not greatly impact the working age population. Migration remains an uncertain component of future working age populations. However, current levels of migration, despite concerns, do not change the working age populations of most countries significantly.
Similarly, the educational attainment of the working age population is largely determined by the attainment levels of labour market entrants. In developing countries attainment levels are increasing, but in many advanced economies attainment shows signs of plateauing. As such, it is relatively easy to project attainment levels into the future.
This suggests that the size of the working age population and the educational attainment of this population provide a relatively reliable basis for forecasting the state of national economies. The rest of the paper outlines an appropriate non-parametric approach to this forecasting and provides a forecast for the UK. The methodology is explored in more detail in the next section.
4 The MSSA methodology and evolutionary economics
The Multivariate Singular Spectral Analysis (MSSA) approach is an extension of Singular Spectral Analysis (SSA). The SSA method takes time series data and decomposes it into cyclic components and trends, as well as a residual random white noise (Golyandina and Zhigljavasky, 2013) . The forecasts are then based on combining the trends and cyclic components and rolling them forward. The method has been used to analyse and forecast a wide range of time series and, when tested, has proved to produce more accurate forecasts than conventional methods such as ARIMA and regression-based techniques (Rodeigues and Mahmoudvand, 2018) . The method has more successfully forecast: sea ice extent (Jevrejeva and Moore, 2001) ; accidental deaths in the US (Hassani, 2007) ; mortality rates (Mahmoudvand et al., 2013) ; a range of Latvian data (Polukoshko and Hofmanis, 2009) and; EU energy data (Beneki and Silva, 2013) . Importantly, the SSA method has also be used to forecast economic data, with it used to examine: GDP business cycles (Sella et al., 2013; Groth et al., 2015) ; forecast European industrial output (Hassani et al., 2009 ); and US business cycles (deCarvalho et al., 2012) . A review of the use of SSA methods in many additional fields showed the method's versatility and effectiveness (Golyandina et al., 2001 ).
An important feature of many of the occasions when SSA has been used is that it had greater predictive power than the conventional methods.
The MSSA approach extends the SSA approach and uses a large 'hankel matrix' and 'eigen triples' to determine the interactions between more than one-time series, which have been decomposed into cyclic and trend components. These historic interactions are then used to influence the forecasts that are made from reconstructing the data. Importantly, for the forecasting method proposed here, it is also possible to incorporate independent time series which can be used to improve the forecast. This provides greater explanatory power of MSSA over SSA and provides better forecasts (Rodeigues and Mahmoudvand, 2018) .
MSSA has a similar, if slightly shorter, history of usage for forecasting: re-examining mortality statistics (Mahmoudvand et al. 2017) ; temperature cycles in the equatorial pacific (Jiang et al., 8 1999) ; and more recently, steel prices (Kapl and Müller, 2010) ; Italian business cycles (Sella and Marchionatti, 2012) ; nowcasting the US output gap (de Carvalho and Rua, 2017) , and; US inflation rates (Hassani et al., 2013) . In each case, MSSA was found to be better at forecasting than SSA and conventional methods. In practice, the project will use the Rssa package (Korobeynikov et al., 2013) within the R language (R Core Team, 2015) and the multivariate extension within the Rssa package (Golyandina et al., 2014) .
The MSSA forecasting model employed here, has five basic indicators that, between them, allow the characterisation of a Solow (Solow, 1956 ) model of economic growth. These variables are the size of the workforce, the quality of the workforce, capital investment and Solow's residual Total Factor Productivity. The variables are also like those used in evolutionary macro-economic forecasts in the past by Nelson and Winter (1982) and Verspagen (2002) and others. The MSSA approach argues that these variables can be used to explain growth as with these previous evolutionary growth models. However, unlike other evolutionary growth models the MSSA approach is not based micro foundations using a simulation to produce the macro outcomes (Silverberg and Verspagen, 1998) . In contrast, this approach recognises the importance of these variables for economic growth and simply examines their historic trends, cyclic patterns and interactions using these to produce a forecast. This non-parametric approach means that the variables can be considered as coevolving with any interactions produced by historic patterns rather than a parameterised Historically, the SSA approach was used to smooth time series by extracting the cyclic components and leaving behind the trend (Alonso et al., 2005) . The degree to which the cyclic components are retained and included in forecasts is determined by the 'window length' selected. For some forecasting purposes it is important to remove the cyclic components and leave the underlying trend. This is achieved by using a long window length (Hassani et al., 2011) . However, given the importance of business cycles for growth dynamics, it was felt appropriate to retain the cyclic component in the forecasts shown in this paper and a shorter 10-year window was used (Jagger, 2017; Wang et al., 2015) in the UK forecast here.
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The MSSA approach treats each time series as an independent system, with its own internal cyclic dynamics, and then examines the historical interactions between these time series to produce the final forecast. This means that the MSSA forecasting method has the features considered essential for a co-evolving system, independent systems which then coevolve (Kallis, 2007) . Other features of an evolutionary economic approach include the absence of parameterisation, with the forecasts being based solely on historic data and trends. This is also consistent with the idea that business cycles are endogenous (Dosi et al., 2006; Dosi et al., 2008; Foster, 2015) . Indeed, a MSSA based analysis showed that equivalent external shocks had different impacts on the economy depending on the stage of the business cycle which suggests that the cycle is endogenous (Hallegatte and Ghil, 2008) . Beyond these little cameos of what an evolutionary macroeconomic forecasting method might look like there is little detailed empirical forecasting. Evolutionary economics focuses on firm behaviours and patterns of technical change (Dosi and Nelson, 1994) . This reflects the origins of evolutionary economics, within an understanding of individual and corporate skills and capabilities, allowing responses to economic developments. This is despite the seminal Nelson and Winter (1982) work containing an economic growth model. However, this model is effectively parameterised and derives these parameters from non-evolutionary economics.
The next section provides a novel forecast of economic growth which retains many features of the original Nelson and Winter model but uses MSSA.
The MSSA method is totally data driven and avoids econometric modelling and parameterisation, this has advantages and disadvantages compared with traditional forecasting methods. The advantages are that no theoretical models or assumptions are imposed on the data, no over or under parameterisation can occur, while cyclic patterns can be revealed. The disadvantages are that currently there are few diagnostics or ways to assess the reliability of a MSSA forecast. Equally, without parameters it is more difficult to link the forecast to policy options or to model the impact of policy interventions. Many of the models used for economic forecasting have inbuilt assumptions of equilibria and only use data from after the second-world-war with constantly growing working-age populations and growing educational attainment. This MSSA forecast makes no assumptions, incorporates a much longer time series than usual and actively incorporates the declining working-age population and attainment. This combined with the greater short-term forecasting success of the MSSA technique suggests that it may produce a plausible long-term forecast.
UK forecasts with differing migration assumptions.
Like most forecasting techniques with the MSSA approach the longer the historic time-series the more reliable the forecast. This is perhaps even more the case with MSSA as the method relies on detecting and then rolling forward the underlying cyclical patterns in the timeseries.
This represents the simpler SSA approach, in addition the MSSA approach examines the historic interactions between the time-series and uses these to modify the forecast. Further, in the approach used the more easily projected size of the working-age population and its educational attainment are used as predictors to help forecast the more complex economic variables. Two different sets of working-age projections are used reflecting differing migration assumptions. Annex A of this paper contains the R code used, a downloadable file contains the raw data, the transformed or normalised data as well as the smoothed and forecast data. to 2060 the Barro and Lee data was extended using the available population data and the attendance data from Lee and Lee (2016) combined with the data for 15 to 24-year-olds in Barrow and Lee (2015) . The forecasted real GDP is shown as continuing to grow in a cyclic pattern, but at an overall lower average rate than the post second world war period. The pattern of investment similarly shows a slowing of growth, but with a more exaggerated cyclic pattern and productivity also shows a slower rate of growth than before. Figure 2 shows the impact on GDP growth of different assumptions about the size of the workforce as a result of different levels of migration. The impact of projected changes to migration is examined as this is the one way in which the size of the working age population can be influenced by policy. One of the suggested outcomes of the Brexit process might be a significant reduction in the level of migration into and out of the UK. Eurostat produced a series of population projections with a range of migration assumptions. These population projection variants were used to create different working-age population projections. The most extreme migration option is the no migration projection and this is adopted to examine the potential range of impacts. Overall, the impact of no migration compared with the baseline projection using the MSSA method is to show a minor impact on real GDP. This is not to say that there might be major impacts in specific sectors and that many Europeans settled in the UK might leave, which would have a more significant impact. Finally, this forecast simply shows the possible impact of a reduced workforce and not the impact of changes to trading patterns. 
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An important implication of the MSSA forecasting is that the results suggest that future GDP growth is impacted not only by the reduction in the growth of the working age population, but equally by reduced productivity and investment. This is explored in the next section and possible explanations are sought.
Lower productivity and investment
A smaller workforce would need to perform with even greater levels of productivity to maintain growth and GDP. However, the MSSA based UK forecast here, suggests that reduced working-age population growth and plateauing attainment is associated with lower productivity growth and lower investment. A possible explanation of these patterns follows. Less growth in the workforce could mean that there is a lower requirement for new capital as existing capital, (without premature retirement) covers the capital needs of a larger proportion of the workforce.
This could mean that, as a consequence, a smaller proportion of the current capital stock is new. Therefore, the average age of capital increases which, could lead to an overall relative productivity decline, even with some very high-tech investments. This could also produce a growing split between a highly productive frontier and a bigger, less productive tail, as has been observed in the UK (Andrews et al., 2015) and elsewhere (Andrews et al., 2016) . Another argument is that the rate of innovation adoption is slackening. It is not that new inventions are not being made, the problem is that, for a range of reasons, it appears that there is less investment in new technologies (Gordon 2012; Gordon 2016) .
Alternatively, higher levels of new capital investments could necessarily require more early retirement of older capital assets. This earlier than necessary retirement could also have negative implications for returns on capital and Total Factor Productivity. This could mean that the responses to a declining working-age population, either in terms of reduced investment or earlier retirement of existing investments, could lead to lower productivity and lower growth.
In practice, the actual response of the economy might potentially be a combination of the two, with reduced investment leaving an older stock of capital and an increased early retirement of this older capital. Importantly, these productivity effects of demographic decline are in addition 14 to the basic lower output from a smaller workforce. The explanation of low productivity and low growth outlined above could also explain the puzzling lack of investment and productivity before and after the economic crisis in the UK (Tenreyro, 2018) and elsewhere (Adler et al., 2017) .
Equally, lower growth is also often associated with lower profitability and this incentivises capital to look elsewhere for more profitable investments. Lower requirements for investment and lower proclivity to invest, both lead to reduced growth and lower productivity. There is evidence that an economy with more elderly people, or an ageing economy, shows no negative impacts (Acemoglu and Restrepo, 2017) . As a reducing workforce is not necessarily linked to an ageing economy, this might not be relevant. However, others explicitly argue that declining workforces are driving secular stagnation (Sharma, 2016; Prime and Kulkarni, 2017) .
Conclusions
The MSSA approach appears to be capable of forecasting in a manner which is consistent with core evolutionary economic ideas. The technique has been proven for short-term economic forecasting, and the variables used in the UK forecast reported here are consistent with previous evolutionary growth models. Inevitably, over the 35 years of the forecast, policy and governance changes could mean that any forecast might become less useful. However, given the incorporation of trends and cyclic patterns as well as interactions between variables the resulting forecast can be considered a plausible business as usual forecast. Importantly, the method does not have externally applied parameters and any parameters are derived endogenously from the included timeseries. The use of working age projections and projections of educational attainment allow this important economic driver to be incorporated into the economic forecast. This means that the forecast also provides for the first time an assessment of the economic impact of the current demographic changes on the UK economy.
Evolutionary economics suggests that: the economy develops endogenously (Nelson, 2008) ; based on path-dependence (Dosi and Nelson, 1994) ; with evolving sub-systems that then coevolve to produce the overall pattern (Kallis, 2007) ; with largely endogenously determined 15 business cycles (Dosi et al., 2006) ; with the pace of growth determined by the adoption of new technologies (Nelson et al., 1976) and the educational attainment of the workforce (David et al., 2012) . These features are incorporated into the forecasts produced by the MSSA method using the size and attainment of the workforce as predictors. This in turn suggests that the MSSA forecast could be consistent with the evolutionary economic body of theory. Although, an evolutionary macroeconomics has yet to be fully theorised (Foster, 2011) , in part because there is limited agreement about what evolutionary economics is (Witt, 2008) , these elements are consistent with at least some evolutionary economics and could be considered as the basis for such an evolutionary macroeconomic forecast.
The MSSA forecast indicates that a declining working age population over the next 30 years will lead to a declining real GDP growth and declining investments and productivity. Standard models suggest that investments and productivity will continue to grow in line with long-term trends. However, the MSSA forecast reinforces the view that labour is critical for growth and without a growing workforce growth is reduced. This finding has global implications, given the second demographic transition, where a less than replacement fertility rate is spreading from the more developed countries. The MSSA forecast suggests that UK economic activity will decline faster than that simply suggested by a declining workforce (Cervellati et al, 2017) . In addition, the forecast suggests that a declining workforce is associated with lower levels of capital investment and lower productivity levels. In the past higher levels of economic growth have been associated with higher levels of energy use and emissions production (Foxon, 2018) . This suggests that if lower than expected levels of growth are repeated globally then lower emissions may be expected and it might be easier to meet the 1.5° C increase in temperatures established as part of the Paris Agreement. Table 1 provides summary data on average annual growth rates of the key variables over a range of periods from 1856 to 2060. This shows that growth has been variable over time and
Annex A Summary data
no simple relationship appears to be at work. In different eras GDP growth appears to have been due to growth in attainment, the size of the working age population or investment and productivity. However, the forecast shows that future reduced rates of working age population growth, as with post World War I, and reduced attainment growth will lead to reduced GDP, investment and productivity growth. More details are available from the supplementary data. 
